The structure of stationary states of the one-dimensional Cahn Hilliard equation coupled with the Neumann boundary conditions has been studied. Here the free energy is given by a fourth order polynomial. The bifurcation diagram for existence and uniqueness of monotone solutions for this problem has been constructed. Namely, we nd the length of the interval on which the solution monotonically increases or decreases and has one zero for some xed values of physical parameters. Under the non-uniqueness we understand a possibility of existence of more than one monotone solutions for the same values of physical parameters.
Introduction
We study the steady state solutions for the Cahn Hilliard equation (see e.g. [2, 4, 7, 8] )
coupled with the Neumann boundary conditions
where α and γ are some physical parameters. The authors of [2] have considered a structure of stationary solutions of problem (1) (2) as a function of length l and mass m = ∫ l 0 u(s)ds. They have counted the total number of monotone solutions, depending on the parameter values of the problem. In [2] phase portraits of the problem have been constructed which describe the monotone solutions for a special stored-energy function f (u) + ε 2 2 (u ′ ) 2 , where ε is a small parameter. In this case, the function f ′ (u) has one negative minimum, one positive maximum, and f (±∞) = ±∞.
In this paper, we study the following problem
where σ reects inuence of the average mass on qualitative behaviour of solutions; α is the main parameter of the problem because it is related to an interaction energy of the phase decomposition in a binary alloy; γ is a parameter corresponding to thermodynamically stability of the system. In particular, α =
), where T c is the critical temperature of the phase transition for order-disorder in a disordered binary alloy, which can be measured during the cooling process of the alloy; E int is the interaction energy between atoms of sorts A and B in the binary alloy. The energy functional corresponding to problem (3) can be written in the form
dx, E(u(t)) = E(u(0)),
where the free energy f (u) is
Note that, in the case α > 0, γ > 0, by the re-scaling u =
where
. This case was studied in [2, 7] . To the best of authors' knowledge all other cases were not considered in a literature. Therefore, in this article we investigate the existence of nontrivial solutions of problem (3) for all possible values of these parameters. In particular, we study an interesting case when γ < 0. It should be mentioned that the case γ < 0, α < 0 and |σ| < σ 0 :=
leads to a non-uniqueness result (i. e. there exist two solutions with the same initial energy), depending on initial energy, but the solution of the problem is unique when |σ| → σ 0 . Also we describe all possible dynamical scenarios for the parameter values.
Moreover, our results can be applied to the Izing model. For example, the Izing model free energy in the vicinity of the phase transition may be written as the following (see, e. g. [6] )
In order for the system to be thermodynamically stable, the parameter on the highest even power of the order parameter must be positive. In this case, we show that s > 0, hence the free energy is bounded. However, for the Neumann boundary value problem we can consider the case when the "open" system is thermodynamically unstable that corresponds to s < 0. For example, in the case s < 0, r > 0 and a ∈ [0,
), a solution is not unique. On the phase plane uOu ′ , this phenomenon is illustrated by two loops with identical lengths of periods which are both symmetric with respect to the axis Ou. Thus, there are two smooth nontrivial solutions.
The Steady State Solutions for the Cahn Hilliard Equation
In this section, we nd the existence interval, L for a monotone solution by considering all possible values of the physical parameters. We proceed by examining all qualitatively dierent nine cases. Note that since all systems at hands are conservative they cannot have any attracting xed points. Therefore their phase portraits can have only saddles and/or centers. 
Integrating (6), we nd that
Note that the equationû 3 −û −σ = 0 has • three real rootŝ
(two minimums and one maximum 
where u k are four real roots of the equation t 4 − 2t 2 − 4σt + 4p = 0 such that u 1 < u 2 ≤ u 3 < u 4 . We have only one nontrivial solution if p < −û 
(one minimum). Thus, we have a nontrivial solution if p < −û
+σû min with the length of interval, where the solution has only one zero, given by
where u k are two real roots of the equation
with the length of interval, where the solution has only one zero, given by
where u k are the two real roots of the equation 
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. Integrating (11), we obtain
Note that the equationû 3 +û +σ = 0 has only one real root
for anyσ ∈ R 1 (one maximum 
For example, ifσ = 0 and p > 0 then we have
, B 4 = 4p + 1, and from (13) it follows that
Let t = sin φ in integral (14). Then
In this case, by the re-scaling u =
. Integrating (17), we obtain
Note that the equationû 3 +û −σ = 0 has only one real root 
where u k are two real roots of the equation t 4 + 2t 2 − 4σt + 4p = 0 such that u 1 < u 2 . where
Integrating (19), we nd that
Note that the equation −û 3 +û −σ = 0 has • three real rootŝ
(two maximums and one minimum). Thus, we have two nontrivial solutions ifû 
where u k are four real roots of the equation
We have only one nontrivial solution if p >û
(one maximum). Thus, we have a nontrivial solution if p >û
+σû max with the length of interval, where the solution has only one zero, given by
where u k are two real roots of the equation 
, B 4 = 4p + 1, and from (24) it follows that
Let t = sin φ in integral (25). Then
If α = 0, γ > 0, by the re-scaling u =û( √ γx), then problem (3) can be reduced to the oneû
. Integrating (28), we nd that 
where u k are two real roots of the equation t 4 − 4σt + 4p = 0. If α = 0, γ < 0, by the re-scaling u =û( √ −γx), then problem (3) can be reduced tô
. Integrating (30), we nd that
Thus, problem (30) has a nontrivial solution provided that p > − 
where u k are two real roots of the equation t 4 + 4σt − 4p = 0. For example, ifσ = 0 and p > 0 then we have the curve
where A 2 = 2p, B 4 = 4p. Obviously, the length of interval, where the solution has only one zero, is
If α = 0, γ = 0 then problem (3) can be reduced to
This problem has the following solution
and it has no solutions if σ ̸ = 0. 
. This problem has the following solution
If α < 0, γ = 0, by the re-scaling u =û( √ −αx), problem (3) can be reduced tô
For convenience, we summarize our existence results in the form of Table. 1.7. Example
As shown in [3] , the possible dimensionless function f (u, T ) at xed T can be written as
where T 0 is a critical temperature, c is the heat capacity, a = ℓ 4f 0 is dimensionless, ℓ is the latent heat, f 0 is a parameter with dimensions of energy density. Comparing (37) with our f (u), we nd that
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The Steady States for General Free Energy
In the previous section, we have studied the case when the free energy contains the linear term but it has no cubic term. Note that the presence of a linear term breaks down the symmetry of the free energy. Next, we will examine how the length of the existence interval can be eected by the cubic term. It is possible to introduce asymmetry in a phase diagram by adding odd powers to the free energy expansion so that
Note that the special case a 1 (T ) = a 3 (T ) = 0 was introduced in [6, p. 19 ) such that f (±u 0 , T ) = 0. Thus, we can calculate the minimal length as
Substituting the new variable t = sin φ into (39), we have
Next, consider the equation
where u i are real roots of R(u) = 0 such that u 1 < u 2 . Here If a < 0 then two cases are possible:
R(z)
In the rst case (i), we nd that L 0 = ∞. In the second case (ii), we have (48). On the other hand, if a > 0 then the problem has no solution in the case (i) but for the case (ii) we have L 0 = ∞. In particular, if p 2 = 4q and (p ′ ) 2 = 4q ′ then
Obviously, if a < 0 then the problem has no nontrivial solutions but if a > 0 then L 0 = ∞.
